Abstract. In this article we show that for any given Riemann surface Σ of genus g, we can bound (from above) the renormalized volume of a (hyperbolic) Schottky group with boundary at infinity conformal to Σ in terms of the genus and the combined extremal lengths on Σ of (g − 1) disjoint, non-homotopic, simple closed compressible curves. This result is used to partially answer a question posed by Maldacena about comparing renormalized volumes of Schottky and Fuchsian manifolds with the same conformal boundary.
Introduction
Renormalized volume V R is a geometric quantity motivated by the AdS/CFT correspondence and the calculation of gravitational action. It corresponds to the (infinite) volume after a renormalization process. Given its relation to gravitational action, there is a size comparison between two models with the same conformal information at infinity. In this article we give a partial answer to this type of question (posed by Maldacena via personal communication to the author) in the context of hyperbolic 3-manifolds. This is accomplished by showing general bounds on V R and describing when such bounds give the desired answer.
The article is organized as follows. In Section 2 we give the appropriate background for renormalized volume V R and motivate Maldacena's question about bounds for V R . It also includes the formulation for our partial answer. Section 3 describes preliminary results we will need in order to bound V R . In particular, it discusses the bounds of V R in terms of the volume of the convex core V C and the bending lamination, as well as the isoperimetric inequalities that hold in hyperbolic 3-space. In Section 4 we will describe how the results of Section 3 give a bound for V C in terms of extremal lengths of the conformal boundary. This bound will be optimized by compressing the shortest set of g − 1 curves, namely the ones with minimal sum of square roots of extremal lengths. We end by proving our main result, which is a bound depending only on genus and extremal length of compressing curves, while also giving conditions on the shortest curves to give a positive answer to the motivating problem.
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Background
Renormalized volume for hyperbolic 3-manifolds (as described in [KS08] ) is motivated by the computation of the gravity action S gr [g] in the context of the Anti-de-Sitter/Conformal Field Theory (AdS/CFT) correspondence ( [Wit98] ). For an Einstein manifold (M, g) one would like to calculate
where R is the scalar curvature of (M, g), II is the second fundamental form of ∂M, Λ is the cosmological constant, and dv correspond the volume form in M.
For hyperbolic 3-manifolds we have that R = −6, while Λ relates to the radius of curvature as l = 1/ √ −Λ, so Λ = −1. Hence the gravity action has the simpler expression
This integral diverges, which we can fix for instance by a process of renormalization. This means to understand how the integral blows up as we exhaust M by compact subsets, and then rescue a number out of it. Moreover, we want to do it in such a way that S gr [g] is a function on the conformal boundary. Given our geometric approach, we will describe how to do so for vol(M) − 1 2 ∂M Hda, which ends having the same renormalization as
Given a metric h in the conformal class ∂M (usually called conformal class at infinity), Epstein ([Eps84]) constructs a family convex submanifolds N r with equidistant boundary by taking envelopes of horospheres. Such family has the properties of depending on the projective structure of (∂M, h) and exhausting M. Because the boundaries are equidistant, the W -volumes have the property ([ [Sch13] , Lemma 3.6])
which leads to the definition (independent of r)
Taking h hyp the metric of constant curvature in the given conformal class at infinity, we define Renormalized Volume V R as
Maldacena's question [Mal] asks, for a fix Riemann surface Σ (with the topological type of a closed surface S g of genus g), to compare the gravity actions of hyperbolic 3-dimensional fillings of 2 copies of Σ with opposite orientation. More precisely, one could take M to be (1) A disjoint union of two hyperbolic metrics in the handlebody with boundary S, such that the conformal boundary of both ends coincides with Σ. Such components are known as Schottky manifolds. (2) A hyperbolic metric in S×R, such that the conformal boundary of both ends coincides with Σ. Such manifolds are known a Quasi-Fuchsian. Given that the filling in case (2) is more straightforward than in case (1), it should have smaller gravity action. But since the description between hyperbolic metrics in M and conformal structure in ∂M (via Ahlfors-Bers measurable Riemann mapping theorem, [AB60] ) uses markings for the conformal structure (landing on the Teichmüller space of ∂M), we have infinitely many ways to realize cases (1) or (2). Hence the comparison is made between (7) inf
which in terms of renormalized volume corresponds to
where the factor of 2 is due to the 2 components considered in case (1). Work has been done on the right side of (8) Question 2.1. For a given Riemann surface Σ, does there exist a Schotkky manifold M so that ∂M is conformal to Σ and V R (M) < 0?
The partial answer of this article to this question is given by the following theorem.
Theorem 2.1. Let Σ be a Riemann surface of genus g, and let Γ be a set of g − 1 mutually disjoint, non-homotopic, simple closed curves of Σ with sum of square roots of extremal lengths denoted by L(Σ, Γ). Then for any Schottky manifold M with boundary at infinity conformal to Σ and where the curves of Γ are compressible, we have that
We can strengthen this bound among the Schottky groups with ∂M conformal to Σ by taking min Γ L(Σ, Γ). Then for any M compressing this optimal configuration we have
Moreover, if we further assume thatL(Σ, Γ) 3 ≤ 2π 2 (or g = 2 and we take Γ to be a curve with smallest extremal length) then we have that
2 ≤ π/(g + 1).
Preliminary results
The main result we will use to estimate V R is given by Schlenker in [Sch13] .
Here V C stands for volume of the convex core of M, which in turn is denoted by CC(M). This set is the smallest submanifold that is a homotopic retraction of M while having convex boundary. The boundary of the convex core, ∂CC(M), is a hyperbolic surface (with the path metric induced by M) whose embedding into M is totally geodesic outside a closed set of complete geodesic, called the geodesic lamination. Along the geodesic lamination M bends, meaning that for any transverse segment we have an assigned bending angle. Such structure is called bending measure, denoted by µ. If we take the expected vale for the bending for a random unit segment (under the natural measure), we will obtain the total bending of M, also known as length of the bending lamination, which we denote by L(µ).
With such result we will aim to prove that the term
L(µ) is non-positive for certain Schottky manifold. Hence we need a bound on V C which is comparable to L(µ), under the correct choice of compressible curves. Note that this already positively answers Maldacena's question in case that among the Schottky manifold there is a Fuchsian one, since in this case the convex core degenerates into a totally geodesic surface with boundary, so V C = 0 and L(µ) > 0.
Remark. In [BC] Bridgeman and Canary compare the length of the bending lamination with the inverse of injectivity radius of the Poincaré metric at infinity or the inverse of the injectivity radius of the intrinsic metric of the covering of the convex hull. In [BC17] the same authors use that to bound V R − V C . In spirit, our search for a bound of V C thinks of these results, so we look for an upper bound that includes both the total bending of the convex core and short curves of the boundary.
Next, we state the tools we will use to bound volumes and related quantities. 
|∂B|.
This follows easily by verifying such inequality for round balls in H 3 and from the knowledge that round balls are the solution of the isoperimetric problem in H 3 (see for instance [Sch48] ).
For a curve γ in a Riemannian manifold M (parametrized by arc-length), we can define its geodesic curvature as k(s) = |γ ′′ (s)|. More precisely, k(s) is defined as |∇ γ ′ (t) γ ′ (t)| t=s |. We can then also define the total geodesic curvature θ(γ) by taking the integral θ(γ) = γ k Lemma 3.1. Let γ be a homotopically trivial rectifiable curve in H 3 which is in the boundary of a convex set, and let θ(γ) be its total geodesic curvature. Then γ bounds a disk D of area less than θ(γ) − 2π + ǫ for all ǫ > 0.
Proof. Let us first prove the result assuming that γ is a geodesic polygon with m vertices. Take a disk D triangulated by geodesic triangles with vertices in the vertex set of γ. Such disk D can be constructed by taking C γ , the convex hull of γ, and then making D as one of the components of ∂C γ \ γ. Note that D (probably after some triangular subdivision) is a geodesic triangulation T consisting on m − 2 triangles. This bound is useful since only depends on γ and not on the particular disk taken. For a general curve γ take γ k a sequence of finer and finer polygonal approximations of γ, such that |(sum of exterior angles of γ k ) − θ(γ)| < 1 k . We can also assume that γ and γ k are cobordant by an annulus of area less than 1 k . Putting all together, given any k > 0, γ bounds a disk with area bounded by (θ(γ) − 2π) + 2 k Remark. On the convergence of (sum of exterior angles of γ k ) to θ(γ) Recall that ∇ γ ′ (t) γ ′ (t) can be approximated (by an error quadratic on h) by
, where P −h represents the parallel transport from γ(t + h) to γ(t). And because the vectors γ ′ (t), γ ′ (t + h) are unitary, then (up to another error quadratic on h) we can take the approximation as 1 h θ t,h , where θ t,t+h is the angle between P −h (γ ′ (t + h)) and γ ′ (t). Now, denoting by ρ t,t+h the geodesic between γ(t) and γ(t + h), then the angle θ t,h can be calculated as the sum of the angles between ρ t,t+h and γ at γ(t) and γ(t + h). Hence, for γ k , the sum of its exterior angles can be rearranged as the sum of angles between the geodesic segments forming γ k and γ, at the vertices of γ k that we denote by γ k (t i ). This is equal to the sum of angles i θ t i ,t i+1 , which is an approximation for i k(t i )(t i+1 −t i ). Then (because the error was quadratic on the point distance) it follows that (sum of exterior angles of γ k ) converges to to θ(γ).
Bounds on V R

Figure 2. Handlebody for genus g = 2
Denote by {γ i } 1≤i≤g a collection of disjoint compressible curves such that M is a ball after cutting along the compressing disks (See Figure 2) . Moreover, assume that each {γ i } 1≤i≤g is a geodesic representative of least length in their respective homotopy class for the Thurston metric of ∂M. The Thurston metric (see Thurston notes [Thu] for more details) is a metric in the conformal class at infinity obtained by taking the hyperbolic surface ∂CC(M) and adding flat regions along the bending lamination, whose thickness is given by the bending. Then, if r is the projection from infinity to ∂CC(M), {r(γ i )} 1≤i≤g is a collection of geodesics in ∂CC(M) (with its intrinsic metric) that is compressible in CC(M). Then if D i is an embedded disk in CC(M) with boundary r(γ i ), then the metric completion of CC(M) \ (∪ i D i ) (denoted by X) embeds in H 3 . Note that X is a topological ball whose boundary is made out of two copies of D i for each 1 ≤ i ≤ g and a copy of ∂CC(M) \ (∪ i r(γ i )) (See Figure 3) . Hence
where we have used that the intrinsic metric of ∂CC(M) is hyperbolic. By the hyperbolic isoperimetric inequality (Theorem 3.2) we have
which gives a bound on V C (M) in terms of |D i |. In order to use Lemma 3.1 to bound the area of |D i |, we need to bound the bending angle of r(γ i ). The key observation is that θ(r(γ i )) ≤ ℓ T (γ i ), where ℓ T denotes the length in the Thurston metric. Indeed, the Combining θ(r(γ i )) ≤ ℓ T (γ i ) with Lemma 3.1 we conclude that
for certain disks D i that in principle depend on ǫ. Nevertheless, we can replace the upper bound ℓ T (γ i ) − 2π in equation (14) to obtain
since ǫ is arbitrary small. Observe that we also know that ℓ T (γ i ) > 2π. Before comparing this bound against 1 4 L(µ) let us do the following reduction. Denote by D ± 1 , . . . , D ± g the disks bounding each of the g compressible curves, where the ± is used to differentiate between the two boundary regions (per disk) on the lift X of the convex core (see the color labelling of Figure 3 ). Now we can take the union of X = X 0 with the isometries that identify D + i with D − i , union that is denoted by X 1 (see Figure 4) . For this region we can apply again the isoperimetric inequality, which gives us a better estimate on the volume. Let them X n denote the solid define inductively as X n−1 union the adjacent isometric copies of X 0 . Then if d n denotes the number of copies of D ± i (which is not hard to see that stays the same for all 1 ≤ i ≤ g and ±) and x n the number of copies of X 0 in X n , we have that they satisfy the following recurrence formulas − 1) n − 1) + 1. Applying isoperimetric inequality for X n we have 
where we are seeing X n as union of copies of X 0 (in particular |D
so by sending n to infinity we have
We can do a similar construction by only adding copies of X 0 adjacent through D ± g (see Figure 5 ). After the previous analysis, it is easy to see that the bound for X 0 will be
|D i | Figure 5 . X 1 when following adjacency only through D ± g for g = 2
As long as we order our labeling so that the area |D i | is increasing on i (or increasing on any bound we have on those areas) Equation (21) is better than Equation (20). For the sake of completeness we include the bound obtained by adding copies of X 0 adjacent through D ± i for g − k + 1 ≤ i ≤ g. As observed, indexing appropriately on i makes that the better bound is for k = 1
|D i | Denoting by Γ the union of γ i , the bound for V C using equation (21) is given by
which combined with Theorem 3.1 gives us a bound for V R
The claim is that ℓ T (Γ) is bounded by a constant (depending only on the genus g) times L(µ) + 4π(g − 1), the square root of the area of the Thurston metric. Indeed
) since the extremal length of γ i (denoted by EL(γ i )) is defined as
where γ ranges over curves homotopic to γ i , ρ ranges over all metric conformal to Σ and A(ρ) denotes the total area of ρ. Unless needed, we will drop the dependence on Σ from now on.
In order to find the desired bound over V R we will choose an efficient set of curves Γ for a given Riemann surface Σ. Denote by C g−1 (Σ) the collection of (unordered) (g − 1)-tuples of distinct non-trivial homotopy classes in Σ that can be simultaneously represented by pairwise disjoint simple closed curves, and also define
The next step is to show that L : T (S) → R has bounded image, which is the purpose of the next lemma.
Lemma 4.1. L : T (S) → R has bounded image.
Proof. Indeed, take a sequence Σ n so that L(Σ n ) → ∞. Since the value of L does not change by the action of the mapping class group, we can further assume (by Deligne-Mumford compactification [DM69] ) that Σ n converges to a cusped Riemann surface Σ 0 by pinching a collection of curves Γ 1 . Take if necessary a collection of curves Γ 2 so that Γ = Γ 1 + Γ 2 = {γ i } 1≤i≤g−1 is in C g−1 . We will finish by showing that
For a curve γ in Γ 1 it is not hard to see that EL(γ, Σ n ) → 0. For a curve γ ∈ Γ 2 we can use the following two properties of extremal length. First, extremal length is not decreasing under restriction, meaning that if Σ 1 ⊆ Σ 2 (both containing γ) then EL(γ, Σ 1 ) ≥ EL(γ, Σ 2 ). Second, given a quasiconformal map f between two surfaces with quasiconformal constant
We can combine both results to bound EL(γ, Σ n ) for γ ∈ Γ 2 , since the thick part of Σ n is converging conformally to the thick part of Σ 0 .
Then, by Equation 24 and the definition of L(Σ, Γ), the bound for V R becomes:
as long as Γ is compressible in M.
Since the quadratic polynomial P K (x) = Kx − attains its unique maximum at x = 2K with value K 2 , then we have
and in particular there exists M with ∂M conformal to Σ so that
which from Lemma 4.1 is uniformly bounded by a constant that depends only on the genus. For g = 2 we are only dealing with one curve, so we can use the bound for systoles. Indeed, for g = 2, L(Σ) 2 corresponds to the systolic ratio, while maximizing the quotient , which is greater than the critical value for the quadratic polynomial. Hence we can bound (28) by replacing x = 2π L(Σ)
. We have that as long as the curve with least extremal length is compressible in M
So as long as L(Σ)
2 ≤ π/3 then V R is negative. A similar bound can be stated for general genus g if L(Σ, Γ) is such that L(Σ, Γ) 3 ≤ 2π 2 . If that is the case then as long as ∂M is conformal to Σ and Γ is compressible Question 4.2. Since the isoperimetric and length bounds we are using are not on configurations that realize equality, can we pull tight the inequalities to fully answer Maldacena's question, at least for g = 2?
